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ABSTRACT
We study the symmetric travelling salesman problem (TSP) on
the complete graph Kn via frequency graphs computed with
frequency quadrilaterals. We introduce a binomial distribution
model based on frequency quadrilaterals for TSP. When N
frequency quadrilaterals containing an edge e are chosen at
random to compute its frequency F(e), the minimum frequency
Fmin of an edge e in the optimal Hamiltonian cycle edge (OHC) is
bigger than [4/3+4/(3(n-2))]N. The experimental results for the
real-world TSP instances illustrates the Fmin≥[3+2/(n-2)]N.
Moreover, we proves Fmin tends to the maximum value 5N as n is
big enough. This suggests a heuristic to reduce the number of
edges that need to be considered in the search for the OHC by
eliminating edges whose frequency is less than Fmin. We have run
a variety of experiments that show that this is cases for TSP
instances in TSPLIB [6].
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INTRODUCTION

The traveling salesman problem (TSP) and its variations have
been extensively studied by researchers in combinatorial
optimization and computation complexity [1]. Here we will study
the symmetric TSP on the complete graph Kn. We know that there
are no polynomial-time algorithms for TSP unless P=NP [2].
Known exact algorithms for TSP have exponential-time bounds
[3]. In the past decade, many researchers have studied the TSP on
sparse graphs rather than on complete graph and have shown that
more efficient algorithms exist to solve the TSP. For example,
Xiao and Nagamochi [4] designed the O(1.2312n) time algorithm
for TSP on 3-regular graphs. The goal of this research is to
develop heuristics to start with a TSP on Kn and eliminate edges
so that we are reduced to solving a TSP problem on a sparse
graph by computing a frequency graph for the original TSP
problem on Kn and eliminating edges with low frequency.
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We show that there are six possible frequency quadrilaterals for
ABCD in Kn which are determined by the order of the three
distance sums: d(A,B)+d(C,D), d(A,C)+d(B,D), d(A,D)+d(B,C)
in the ABCD [5]. In the six possible frequency quadrilaterals for
ABCD, a given e of ABCD appears with frequency 1, 3 and 5
twice. Thus, we study a model where the probability that an edge
e has frequency 1, 3 and 5 in a frequency quadrilateral is
p1(e)=p3(e)=p5(e)=1/3. We combine p3(e) and p5(e) together as
p3,5(e)=2/3. For the edges in the OHC, we can show that the
probability p3,5(e)=2/3+2/(3(n-2)). If we choose N frequency
quadrilaterals containing e in Kn, the probability that there are k
frequency quadrilaterals where e has frequency 3 or 5 conforms
to the binomial distribution model.
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According to the binomial distribution model, we derive the
minimum frequency Fmin of the edge in the OHC is (4/3+4/(3(n2)))N. In average case, Fmin≥(3+2/(n-2))N. This suggests that we
can eliminate the edges with frequency below Fmin and generate a
graph with a small number of edges for TSP which still contains
the original OHC. We have done experiments for the TSP
instances in TSPLIB [6]. The results show that in many cases, a
sparse graph with O(n log(n)) edges can be computed which still
contains the original OHC. In other experiments, we iterated the
process of eliminating edges with low frequencies to produce
even sparser graphs which still contain the original OHC. In such
cases, we have reduced the original TSP to the problem of finding
the OHC in a sparse graph where a variety of improved
algorithms are available to resolve such TSP.
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THE BINOMIAL DISTRIBUTION MODEL

Given 4 vertices ABCD in Kn, we consider the number of times
that an edge e appears in an optimal path of length 4 included in
the complete graph on ABCD. We call this the frequency of e.
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