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1 Introduction

The study of complexity classes from a logical perspective originated
with the works of Büchi, Elgot and Trakhtenbrot in the ’60s, which
showed that regular languages can be faithfully described using
monadic second order logic on finite words. The initial goal of
their effort – that of solving a series of decidability problems for
arithmetic systems – was greatly exceeded by a long list of results
that considered various logics (defined, for example, over infinite
words, trees, and later, over arbitrary structures), which were shown
to correspond to a wealth of complexity classes. In addition to the
development of descriptive complexity itself as a subdomain of finite
model theory, this led to new research directions in the area of formal
languages and strongly influenced the evolution of model checking.

In our inquiry we focus on the study of the complexity classes P
and NP – the classes of problems that can be solved in polyno-
mial time by deterministic and non-deterministic Turing machines,
respectively [Hopcroft et al. 2007]. Our main contribution is an
abstract representation of these complexity classes that employs
model-theoretic constructs corresponding to two of the most used
specification-building operators: the derive and the free-semantics
operators [Sannella and Tarlecki 2011]. To this end, we rely on
the logical characterisations of complexity classes given by Fagin,
who proved that the existential fragment of second-order logic cap-
tures NP, and by Immerman and Vardi, who described P using
the extension of first-order logic with least fixed-point operators
(see, e.g. [Grädel 2007]). Other characterisations of P, based on
inflationary fixed-point logic and second-order Horn logic, are due
to Immerman and Grädel, respectively. By stripping off the details
of these existent logical characterisations and by capturing the dif-
ferences between them with the aid of algebraic representations
independent of the underlying, simplified, logical systems, we aim
to obtain in our future work a framework for studying hierachies of
complexity classes in a unified manner.

2 Specifications for Complexity Classes

Our specification theory of choice [Sannella and Tarlecki 2011] is
founded on institutions, an abstract formalisation of the notion of
logical system, technically based upon category theory, that was
introduced by Goguen and Burstall in the ’80s. Within this frame-
work, we first consider formalisations of the existential fragment of
second-order logic and of the least fixed-point logic, which extend
previous results in the literature on institution theory. This requires
to consider for each of the logical systems 1) a category of signatures,
which defines the vocabularies and the mappings between them as
signature morphisms, together with, for every vocabulary, 2) a set of
sentences, which corresponds to the syntax of the logic, 3) a category
of structures (also referred to as models) and homomorphisms, and
4) a satisfaction relation between structures and sentences.

As opposed to the hitherto mentioned results, we propose characteri-
sations of P and NP that are based on a sole logical system, namely
first-order logic, which is significantly simpler than both existential
second-order and least fixed-point logics. Certainly, the expressivity
of the aforementioned logics must be preserved; therefore we restore
it by means of structuring operators, which, unlike second-order
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variables and least fixed-point operators, are independent of any
particular details of the base logical system. We recall that struc-
tured specifications are built from finite sets of sentences (known as
flat specifications) by repeated applications of specification build-
ing operators (such as the derive and the free-semantics operators
described below), and that every specification induces by definition
a vocabulary and a class of models.

The derive operator abstracts an existential quantification: given a
specification SP , and a signature morphism ϕ into SP ’s signature,
the derivation of SP by ϕ is the specification whose signature is the
domain of ϕ and whose models are given by the reduction along ϕ
(an operation provided by the chosen formalisation of the logical
system) of SP’s models. The free-semantics operator abstracts a
least fixed-point declaration: given specifications SP , SP ′ and a
morphism ϕ between their signatures, the free restriction of SP ′ with
respect to ϕ and SP is the specification having the same signature
as SP ′, and as models, the models of SP ′ that are free expansions
along ϕ (a dual of the reduction operation) of the models of SP .

Based on Fagin’s theorem, and on the correspondence between
the existential quantification and the derive operator, our first result
states that NP can be captured as the derivation of a flat specification
defined over first-order logic. Similarly, Immerman and Vardi’s theo-
rem is reflected in our second result stating that P can be captured as
the derivation of a free restriction of a flat specification defined over
first-order logic as well. We thus obtain a unified, purely algebraic
description of P and NP, independent of the underlying logic used.

3 Conclusions and Future Work

We have extended two of the most important results in descriptive
complexity by giving algebraic equivalents of the characterisations
of the complexity classes P and NP by means of specification theory
tools. What is distinctive about our approach is that the logical
system is fixed and has a fairly minor role, while we put emphasis on
the use of the structuring operators, whose definitions are universal.

As future research, we intend to explore other logical characteri-
sations of complexity classes, especially of those classes than can
be captured by extensions of first-order logic, or restrictions of
second-order logic, similar to existential second-order and least
fixed-point logics. One such example is NLOGSPACE, which can
be described using first-order logic enriched with a transitive closure
operator. Furthermore, we can study other hierarchies of complexity
classes, such as those defined over pictures instead of words. In this
case we know, for instance, that regular bidimensional languages are
captured by existential monadic second-order logic.
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