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1. Outline

▸ we focus on the study of P and NP complexity classes – the classes of problems that can be
solved in polynomial time by deterministic and non-deterministic Turing machines, respectively

▸ our main contribution is an abstract representation of P and NP that employs model-theoretic
constructs corresponding to two of the most used specification-building operators: the derive
and the free-semantics operators

▸ by stripping off the details of existent logical characterisations of P and NP and by capturing the
differences between them with the aid of algebraic representations independent of the underlying
logical systems, we aim to obtain in our future work a framework for studying hierarchies of
complexity classes in a unified manner

2. Descriptive Complexity

▸ complexity classes were first studied from a logical
perspective by Büchi, Elgot and Trakhtenbrot:
regular languages can be described using
monadic second order logic on finite words

▸ the initial goal was greatly exceeded
by a long list of results that considered
other logics and complexity classes

▸ we rely on logical characterisations
of complexity classes given by

1. Fagin – the existential
fragment of second-order
logic captures NP

2. Immerman and Vardi –
first-order logic with least
fixed-point operators
captures P

Theorem (Fagin).An isomorphism-closed class K of finite structures is in NP if and only if it is
definable in existential second-order logic – ESO.

Given a first-order signature Σ = ({Fn}n∈N,{Pn}n∈N), the existential second-order sentences over
Σ are formulae of the form ∃Xϕ, where X is a family of sets of second-order variables disjoint of
P (i.e. Xn ∩ Pn = ∅ for all n ∈ N), and ϕ is a first-order formula for (F,P ∪X).

Theorem (Immerman and Vardi).A class K of ordered structures is in P if and only if it is
definable in least fixed-point logic – LFP(FOL).

LFP(FOL) is defined by extending the syntax of first-order logic with the least fixed-point operator.
We consider a first-order signature Σ = ({Fn}n∈N,{Pn}n∈N), n ∈ N, a symbol π /∈ Pn, variables

x1, . . . , xn, terms t1, . . . , tn, and a formula ϕ for (F ∪ {x1, . . . , xn}, P ∪ {π}).
Then [lfpπ(x1, . . . , xn).ϕ](t1, . . . , tn) is a formula for Σ.

An example

We consider a first-order signature for graphs
Σ = ({Fn}n∈N,{Pn}n∈N), where Fn = ∅, for n ∈ N,

and Pn =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

{E} if n = 2

∅ otherwise.
We also refer to this signature in the

examples considered below.

▸ Defining bipartite graphs in ESO:

∃C∀x∀yE(x, y)⇒ (C(x)∧

¬C(y)) ∨ (C(y) ∧ ¬C(x))

▸ Defining connected graphs in
LFP(FOL):

∀x∀y [ lfpP (u, v).E(u, v)

∨ ∃z(E(u, z)

∧ P (z, v))](x, y)

3. Structured
Specifications

▸ founded on the theory of
institutions of Goguen and
Burstall (which relies technically
upon category theory)

▸ built from flat specifications
by repeated applications of
specification-building operators

▸ semantically, each specification SP is
characterised by its signature Sig[SP] and
its class of models Mod[SP] ⊆ ∣Mod(Sig[SP])∣.

Flat specifications
(Σ,E) comprise sort, operation and predicate names along
with the properties that the operations and predicates must satisfy.

Sig[(Σ,E)] = Σ Mod[(Σ,E)] = {M ∈ ∣Mod(Σ)∣ ∣M ⊧ E}

Union – combines the requirements of two specifications
Given two Σ-specifications SP1 and SP2, the union SP1 ∪ SP2 is a specification for which

Sig[SP1 ∪ SP2] = Σ Mod[SP1 ∪ SP2] =Mod[SP1] ∩Mod[SP2]

Translation – allows us to rename, add, or identify symbols
Suppose that SP is a Σ-specification and σ∶Σ→ Σ′ is a signature morphism. We define
SP with σ as a specification for which

Sig[SP with σ] = Σ′ Mod[SP with σ] = {M ′ ∈ ∣Mod(Σ′)∣ ∣M ′↾σ ∈Mod[SP ]}

Hide / Derive – auxiliary components of specifications, while ‘preserving’ their models
Given a Σ-specification SP and a signature morphism σ∶Σ′ → Σ we define SP hide via σ as the
specification for which

Sig[SP hide via σ] = Σ′ Mod[SP hide via σ] = {M↾σ ∣M ∈Mod[SP]}

Free semantics – refines the models to those that are free over their reducts
Consider a Σ-specification SP, a Σ′-specification SP ′ and a signature morphism σ∶Σ′ → Σ. We
define free SP wrt σ,SP ′ as a specification for which

Sig[free SP wrt σ,SP ′] = Σ Mod[free SP wrt σ,SP ′] = {M ∈Mod[SP ] ∣M is free overM↾σ}

An Example

▸ Defining a graph:

spec Graph =

sort Node
pred E ∶ Node ×

Node
end

▸ Defining connected graphs with paths:

spec Path =

Graph
then free

{pred P ∶ Node × Node
∀ u, v ∶ Node
● (E (u, v) ∨ ∃ z ∶ Node
● E (u, z) ∧ P(z, v)) ⇒ P(u, v)

}
end

spec Connected_Graph_With_Path =

Path
then ∀ x, y ∶ Node ● P(x, y)
end

▸ Defining bipartite graphs:

spec Bipartite_Graph =

Graph
then pred C ∶ Node

∀ u, v ∶ Node ● E (u, v) ⇒
(C (u) ∧ ¬ C (v)) ∨ (C (v) ∧ ¬ C (u))
hide C

end
C

4. Specifications for
Complexity Classes

▸ we propose characterisations of P and NP that are based on a sole logical
system, namely first-order logic, which is significantly simpler than both existential

second-order and least fixed-point logics

▸ we restore the expressivity of the aforementioned logics by means of structuring operators

Theorem.NP can be captured as the derivation of a flat specification defined over first-order logic.

▸ idea: encode theories over ESO as specifications over first-order logic that use the derive operator

▸ example: defining bipartite graphs

∃C∀x∀yE(x, y)⇒ (C(x) ∧ ¬C(y)) ∨ (C(y) ∧ ¬C(x))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

ESO

↦ spec Bipartite_Graph
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Spec(FOL)

Theorem.P can be captured as the derivation of a free restriction of a flat specification defined over first-order logic.

▸ idea: encode theories over LFP(FOL) as specifications over first-order logic that use the derive and free operators

▸ example: defining connected graphs

∀x∀y [lfpP (u, v).E(u, v) ∨ ∃z(E(u, z) ∧ P (z, v))](x, y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

LFP(FOL)

↦ spec Connected_Graph_With_Path hide Path
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Spec(FOL)

5. Conclusions and Future Work

▸ we extended two of the most important results in descriptive complexity by giving algebraic equivalents of
the characterisations of the complexity classes P and NP by means of specification theory tools

▸ the logical system of use is fixed and has a fairly minor role, while we put emphasis on the use of
the structuring operators, whose definitions are universal

▸ we intend to study other characterisations of complexity classes, such as NLOGSPACE,
which can be described by first-order logic enriched with a transitive closure operator

▸ we plan to study other hierarchies of complexity classes, such as those
defined over pictures instead of words; we keep in mind that

regular bidimensional languages are captured by
existential monadic second-order logic


